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We introduce chiral-even and chiral-odd quark distributions as forward matrix elements of related
bilocal quark operators with well-dened (geometric) twist. Thereby, we achieve a Lorentz invariant
classication of these distributions which dier from the conventional ones by explicitly taking into
account the trace terms. The relations between the two kinds of distribution functions are given.
I. INTRODUCTION
Quite recently, we have introduced a general group theoretical procedure to decompose local and nonlocal opera-
tors [1,2], which are important in dierent hard scattering processes, into operators of denite twist. This procedure
is based on the notion of geometric twist = mass dimension { (Lorentz) spin,  = d − j, originally introduced by
Gross and Treiman [3]. In these processes, we are interested on nonlocal light-cone (LC) operators and their matrix
elements which describe dierent phenomenological distribution amplitudes, e.g., parton distribution functions in
deep inelastic scattering and in Drell-Yan processes as well as hadronic wave functions. The classication of these
functions suers from the fact, that one and the same operator by its twist decomposition contributes to dierent
distribution functions. It is thus necessary to disentangle these various contributions of the original operator and to
specify the contributions of the trace terms.
Jae and Ji [4] proposed the notion of dynamical twist (t) by counting powers Q2−t which is directly related to the
power by which the corresponding distributions contribute to the scattering amplitudes. They found nine independent
forward quark distribution amplitudes. Recently, Ball et al. have used this pattern for the consideration of higher
twist distribution amplitudes of vector mesons in QCD [5,6]. However, such dierent notion of twist is only dened
for the matrix elements of operators, it is not Lorentz invariant and also not simply related to the contributions of
(higher) geometric twist: The two denitions of twist do not coincide at higher orders. Nevertheless, also Jae et
al. have already pointed out that the geometric twist is more convenient to discuss higher twist eects on a reliable
basis [4,7,8]; it also should be maintained under renormalization.
The aim of this paper is to present the forward quark distribution functions which are related to the nonlocal
LC-operators of dierent geometric twist. In that framework, it is possible to investigate in an unique manner the
contributions resulting from the traces of the operators having well-dened twist. By the way, the classication of
the various distribution functions appears to be quite straightforward.
II. TWIST DECOMPOSITION OF BILINEAR QUARK OPERATORS
At rst, we shortly review the systematic procedure of group theoretical twist decomposition for local and non-
local operators [1,2]. It is based on the unique spin decomposition with respect to the Lorentz group SO(3; 1)
of the considered operators. The consecutive steps which are used to decompose a bilocal operator, for example,
Oα(1x; 2x) =  (1x)γ5γαU(1x; 2x) (2x), into operators of denite geometric twist are the following:
(1) Taylor expansion of the nonlocal tensor operator for arbitrary values of x into an innite tower of local tensor
operators having rank n and dimension d;
(2) Decomposition of these local tensor operators into irreducible ones { with respect to the Lorentz group { by means
of the standard method characterizing the symmetry class by Young patterns [m] = (m1;m2; : : : ;mr) of r rows;
(3) Resummation of the irreducible local tensor operators belonging to the same symmetry class and having the same
twist  to a nonlocal tensor operator with denite twist;
(4) Projection of the nonlocal twist operator onto the light{cone, x ! ~x with ~x2 = 0, thereby reducing the innite




In [1] we applied that procedure to the following bilocal quark operators on the light-cone having (axial) vector as
well as skew tensor structure:
O5α(1~x; 2~x) =  (1~x)γ5γαU(1~x; 2~x) (2~x); (1)
M5[αβ](1~x; 2~x) =  (1~x)iγ5αβU(1~x; 2~x) (2~x); (2)
with the path ordered phase factor U(1~x; 2~x), as well as to the corresponding operators without γ5 and the de-
rived scalar and vector operators, O(5)(1~x; 2~x) = xαO(5)α(1~x; 2~x) and M(5)α(1~x; 2~x) = xβM(5)[αβ](1~x; 2~x),
respectively.
The resulting decomposition for the vector and skew tensor operators { which is independent of the presence or
absence of γ5 { after a straightforward calculation is:
Oα(1~x; 2~x) = Otw2α (1~x; 2~x) +O
tw3
α (1~x; 2~x) +O
tw4
α (1~x; 2~x); (3)





Mα(1~x; 2~x) = M tw2α (1~x; 2~x) +M
tw3
α (1~x; 2~x): (5)
with (using the convention a[µbν]  (1=2)(aµbν − aνbµ))
Otw2(1~x; 2~x) = ~xµOµ(1~x; 2~x) =  (1~x)(γ~x)U(1~x; 2~x) (2~x) (6)
















































































































Obviously, the trace terms are those being multiplied by ~xα (or ~xβ).
Let us remark that the (axial) vector and skew tensor operators of twist  , O(τ)(5)α(1~x; 2~x) and M
(τ)
(5)[αβ](1~x; 2~x),
are obtained from the (undecomposed) operators O(5)α(1~x; 2~x) and M(5)[αβ](1~x; 2~x), Eqs. (1) and (2), by the
application of the corresponding (complete set of) orthogonal projectors (including the {integrations), P(τ)µα and
P(τ)[µν][αβ] , dened by Eqs. (7) { (9) and (10) { (12), respectively:
O
(τ)
(5)α(1~x; 2~x) = (P(τ)µα O(5)µ)(1~x; 2~x) (15)
M
(τ)
(5)[αβ](1~x; 2~x) = (P(τ)[µν][αβ] M(5)[µν])(1~x; 2~x) (16)
M
(τ)
(5)α(1~x; 2~x) = (P(τ)µ(v)αM(5)µ)(1~x; 2~x); (17)
thereby observing
~xαM(5)α(1~x; 2~x) = 0;
2
with
(P(τ)  P(τ ′))µα = ττ
′P(τ)µα : (18)
(P(τ)  P(τ ′))[µν][αβ] = ττ
′P(τ)[µν][αβ] : (19)
These projection properties are due to the fact that the Young operators for dierent symmetry classes are orthogonal
projections on the tensor space. For hints concerning the proof we refer to the Appendix.
In addition, we point to the fact that the twist{2 vector and skew tensor operators, Eqs. (7) and (10), are related to
the corresponding scalar and vector operators, (6) and (13), respectively. This leads to relations of the corresponding
distribution functions, for example, cf. Eqs. (30) and (32) below.
For convenience, we give the corresponding local expressions of the nonlocal operators, Eqs. (6) { (14). The relation












The expressions for the local operators are















nµα − xµ@α − 1n+1xα
(














































































Obviously, analogous projection properties as mentioned above for the nonlocal operators also hold for the local
ones. Let us further remark that the projection properties of the above nonlocal and local LC operators as well as the
conditions of their tracelessness can be formulated by means of inner derivatives on the light{cone (see Appendix A).
III. FORWARD MATRIX ELEMENTS OF LC–OPERATORS WITH TWIST τ
Now, we dene the (polarized) quark distribution functions for the bilinear quark operators with denite twist. As
usual, the matrix elements of the nucleon targets, u(P; S)γµu(P; S) = 2Pµ and u(P; S)γ5γµu(P; S) = 2Sµ, are related
to the nucleon momentum Pµ and nucleon spin vector Sµ, respectively, with P 2 = M2, S2 = −M2, P  S = 0, M
denoting the nucleon mass. Here u(P; S) denotes the free hadronic spinor.
Taking forward matrix elements of Eqs. (6) { (14) we see that, observing the correct tensor structure by the use of
Pµ; Sµ and ~xµ, we may introduce any parametrization for the matrix elements of the undecomposed operators, e.g.,





Sα eG1(z; 2) + Pα ~xS~xP eG2(z; 2) + ~xαM
2~xS
(~xP )2
eG3(z; 2)eiκz(x˜P ); (29)
where, 2 denotes the renormalization scale and, also in the following, we dened  = 1 − 2. Such a choice is
not preferable because the matrix element of any twist{ operator then depends in a complicated way from every
3
distribution function. However, according to the above projection properties we are able to introduce one (and only
one) distribution function for any operator of denite twist. For cases where the local twist{ operators are already
known in the literature that choice leads to the same result.
Let us rst consider the chiral-even pseudo scalar operator in the polarized case. The (forward) matrix element of
this twist-2 operator, Eq. (6), taken between hadron states jPSi is trivially represented as
hPSjOtw25 (1~x; 2~x)jPSi = 2(~xS)
Z 1
0







Here, G(2)(z; 2) is the uniquely dened twist-2 parton distribution function which by a Mellin transformation is






The nonforward matrix elements of this scalar operator, Eq. (6), are discussed in [9{11].
Now we consider the chiral-even axial vector operator. Because of the projection properties (15), together with (18),
we introduce the parton distribution functions G(τ)(z; 2) of twist  by





dz G(τ)(z; 2) eiκz(x˜P )

: (31)
For  = 2 this is consistent with (30), it reads

















Using the projection operators as they are determined by Eqs. (7) { (9) we obtain (from now on we suppress 2)



























































































In the rst line of any equation we have written the nonlocal LC-operators of denite twist, and in the second line,
after expanding the exponential, we introduced the moments of the structure functions; thereby, the {integrations
contribute the additional n-dependent factors. The local twist-2 and twist-3 matrix elements of traceless operators
are given o{cone in Refs. [12,13] for n  3 and in Refs. [14,15] for any n. Obviously, the trace terms which have been
explicitly subtracted are proportional toM2. According to the terminology of Jae and Ji they contribute to dynamical
twist-4. For the twist{2 operator we observe that the terms proportional to Sα, Pα and ~xα have contributions starting
with the zeroth, rst and second moment, respectively. The twist{3 operator starts with the rst moment, and the
twist{4 operator starts with the second moment. Analogous statements also hold for the twist{ operators below.
Putting together the dierent twist contributions we obtain, after replacing iz(~xP ) by @=@ and performing
4
partial integrations, the following forward matrix element of the original operator ( = (~xP ))






























where we introduced the following \truncated exponentials"












As it should be the application of the projection operators P(τ)βα onto (38) reproduces the matrix elements (32) {
(36). In comparison with (29) we also observe that the distribution functions are accompanied not simply by the
exponentials, e0(iz), but by more involved combinations whose series expansion directly leads to the representations
with the help of moments.
Now we consider the chiral-even vector operator Oα(1~x; 2~x) =  (1~x)γαU(1~x; 2~x) (2~x), which obeys relations
Eqs. (6) { (9), as well as (15) and (18) with the same projection operator as the axial vector operator. Let us introduce
the corresponding parton distribution functions F (τ)(z; 2) of twist  by





dz F (τ)(z; 2) eiκz(xP )

: (40)
Again, this is consistent with the denition of the unpolarized distribution function F (2)(z) by the matrix element of
the corresponding twist-2 scalar operator
hP jOtw2(1~x; 2~x)jP i = 2(~xP )
Z 1
0





F (2)n : (41)
The nonforward matrix elements of this scalar operator has been considered for the rst time in [18].
The forward matrix elements of the vector operators of twist  are obtained as follows:
















































eiκλz(x˜P )  0 ; (44)




























The o{cone traceless local twist-2 matrix element has already been obtained in [16,17]. The vanishing of the
twist-3 structure function F (3)(z) which follows here by partial integration proves in the nonlocal case the same fact
that Jae and Soldate have already proved for the local twist-3 operator [7]. The trace terms of the twist-2 operator
and the twist-4 operator itself both contribute to dynamical twist-4 and, consequently, to the same 1=Q2-behaviour
in the cross section.
Putting together all the contributions of dierent twist and performing partial {integrations, we obtain the fol-
lowing representation for the forward matrix element of the original operator
hP jOα(1~x; 2~x)jP i = 2Pα
Z 1
0













The matrix element of the simplest bilocal scalar operator arises as
hP j  (1~x)U(1~x; 2~x) (2~x)jP i = 2
Z 1
0







where E(3)(z; 2) is another spin-independent twist-3 structure function.
Now, we consider the matrix elements of the chiral-odd vector operators. In fact they may be obtained from the
chiral-odd skew-tensor operator by contraction with ~xβ (cf. Eq. (5)). This determines also the corresponding structure
functions which are introduced by





dz H(τ)(z; 2) eiκz(x˜P )

: (49)
Applying the same procedure as above we obtain







eiκz(x˜P ) + ~xα(~xS)M2
Z 1
0



































The twist{2 part is in agreement with Jae and Ji’s local expression (see Eq. (45) in [4]) and also with [19]. Adding up


















Obviously, the twist-2 distribution function H(2)(z; 2) and the twist-3 distribution function H(3)(z; 2) contribute
destructive to the same 1=Q2-behaviour of the cross section. A similar nonlocal twist{2 matrix element (modulo
correction of the trace term) has been given in [20].
Now, we consider the more involved chiral-odd skew tensor operator. The matrix elements of the skew tensor
operators of twist  are obtained using the projectors determined by Eqs. (10) { (12):































































Sβ] + (n− 1)Pβ] ~xS~xP

; (58)



























Again, the moments of distributions functions of twist  = 2; 3 and 4 begin with n = 0; 1 and 2, respectively. In
addition, we remark that only those terms of the operator (11) contribute to the twist{3 structure function which
result from the trace terms of (10). Analogous to the vector case the forward matrix element of the ‘true’ twist{3 part
of (11) vanishes. In Eq. (59) only the twist{4 operator contributes which result from the trace terms of (10). Let us
also mention that after multiplication of (59) with ~xα (or ~xβ) the matrix element vanishes because the corresponding
vector operator does not contain any twist-four contribution. This is a simple but important property which may be
traced back to the fact that the corresponding Young pattern [n + 2] = (n; 1; 1) does allow only n symmetrizations;
it is therefore characteristic for any twist{4 skew tensor operator.
The matrix element of the original skew tensor operator is obtained as













e0(iz) + 2e1(iz) + 6e2(iz)
















−H(4)(z)1 + e0(iz)− 2e1(iz)o:
This nishes the determination of the nine nontrivial distribution functions which result from the forward matrix
elements of the nonlocal light{cone quark operators of denite twist.
IV. RELATIONS BETWEEN NEW AND CONVENTIONAL DISTRIBUTION FUNCTIONS
Obviously, since these new distribution functions are related to true traceless operators they dier from the conven-
tional ones [4] for twist   3 at least by the contributions from the trace terms. As far as the scalar LC{operators
are concerned which denitely are of twist{2 the new and the old distributions functions coincide. However, for the
vector and (skew) tensor operators also the contributions of dynamical twist{2 dier from those of geometric twist{2.
In order to be able to compare conventional and new structure functions we rewrite the matrix elements (38), (47)
and (61) by choosing





(xP )2 − x2M2
















where pα is a light-like vector (p2 = 0 and p  ~x = P  ~x) and S?α is the transversal spin-polarization. The result is
hPSjO5α(1~x; 2~x)jPSi = 2pα ~xS~xP
Z 1
0




































hP jOα(1~x; 2~x)jP i = 2pα
Z 1
0









F (2)(z)− F (4)(z)e1(iz)o ; (64)

























−H(3)(z)1 + 2e2(iz) +H(4)(z)1 + e0(iz)− 2e1(iz)o :
7
Comparing these expressions with the parton distributions given by Jae and Ji [4] (in the terminology of [5]) we
observe that it is necessary to re-express the truncated exponentials and perform appropriate variable transformations.
After such manipulations we obtain the following relations:
Mg1(z) = G(2)(z); (66)















G(2) − 4G(3) + 3G(4)










f1(z) = F (2)(z); (69)






F (2) − F (4)

(y) ; (70)
Me(z) = E(3)(z); (71)
h1(z) = H(2)(z); (72)


































These relations between the conventional and the new quark distribution functions hold for 1  z  0; the correspond-
ing antiquark distribution functions are obtained for z ! −z. Furthermore, we observe that both decompositions
coincide in the leading terms, but dier at higher order. For instance, the parton distribution function gT (z) with
dynamical twist t = 3 contains contributions with geometrical twist  = 2 and 3.



















































































The relation between the moments may be read o from Eqs. (63) { (65) as follows:
Mg1n = G(2)n ; (80)
















G(2)n − 2G(3)n +G(4)n

; (82)
f1n = F (2)n ; (83)




F (2)n − F (4)n

; (84)
Men = E(3)n ; (85)
h1n = H(2)n ; (86)

























In terms of the moments the relations between conventional and new distribution functions may be easily inverted.






















2g3n + 4gTn − 3g1n
o
; n > 1 (90)






; n > 0 (91)





















; n > 1: (93)
The nontrivial relationships between the conventional and the new distribution functions are much simpler than to
be assumed by a rst glance at the expressions like (38), (47) and (61). They show that the conventional distribution
functions are determined by the new ones of the same as well as lower geometrical twist, and vice versa (with respect
to dynamical twist). Obviously, the same holds for their moments. In principle, this allows to determine, e.g., the
new distribution amplitudes from the experimental data if these are known for the conventional ones. At least, this
should be possible for the lowest moments.
V. CONCLUSIONS
Using the notion of geometric twist, we discussed the calculation of the forward matrix elements for those nonlocal
LC-operators which correspond to the independent tensor structures in polarized nucleon matrix elements of the
type hPSj (1~x)ΓU(1~x; 2~x) (x~x)jPSi. We have found nine independent forward distribution functions with well
dened twist  which, for twist   3, dier from the conventional ones. From the eld theoretical point of view this
Lorentz invariant classication is the most appropriate frame of introducing distribution functions since the separation
of dierent (geometric) twist is unique and independent from the special kinematics of the process. Only the operators
of denite geometric twist will have the correct mixing behaviour under renormalization. A very useful property of the
nonlocal (and local) LC operators of denite twist  is that they are obtained from the original, i.e., undecomposed
LC{operators by the application of corresponding projection operators. An essential result of our calculations is the
relation between the new parton distribution functions and those given by Jae and Ji [4]. In addition we have also
given the moments of all the distribution functions. The same procedure may be applied to the twist decomposition
of the meson wave functions [21]. Finally, in Appendix A, we have also written the nonlocal (and local) LC{operators
by using the inner derivatives on the light{cone.
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APPENDIX A: TWIST OPERATORS AND THE INTERIOR DERIVATIVE ON THE LIGHT-CONE
In this Appendix we like to rewrite the LC{operators of denite twist  and, in addition, we formulate the property
of tracelessness of such LC{operators by using internal derivatives on the light{cone.
Let us now introduce the notion of interior differential operators on the light-cone K4 = f~x 2 M4; ~x2 = 0g which,
for the rst time, has been used in order to characterize (irreducible) symmetric tensor representations of SO(4) on
the cone and their graded algebra P (Kn4 ) = 1n=0Kn4 , where Kn4 is the space of homogeneous polynomials Tn(~x) of
degree n on the cone [22,23]:





x2x˜2=0 = 0: (A1)
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For example, the generators of dilation X = 1+~x~@ and rotations Xµν = ~xν ~@µ−~xµ ~@ν are rst order interior dierential
operators on the light-cone. Obviously, they leave the space Kn4 invariant.
A further interior dierential operator dµ of second order may be introduced by the following requirements:
(a) it should be a lowering operator, i.e. mapping a homogeneous polynomial of degree n (of ~x) into a homogeneous
polynomial of degree n− 1, Kn4 ! Kn−14 ;
(b) it should behave as a vector under rotations,
[Xµν ; dλ] = µλdν − νλdµ; (A2)
(c) it should be the lowest order dierential operator satisfying (a) and (b).
Choosing the normalization of this interior derivative so that 2dµ is the generator of special conformal transformations











with the following properties





Obviously, dµ is a second order interior dierential operator which together with ~xµ, X and Xµν satises the conformal
Lie algebra so(4; 2) in ~x-space; especially there holds the commutator relation
[dµ; ~xν ] = µνX +Xµν : (A5)
In that terminology ~x is a raising operator which plays the role of \momentum" in the conformal algebra:
[~xµ; ~xν ] = 0; ~x2 = 0: (A6)
Now, we rewrite the nonlocal LC{operators (7) { (14) with the help of the above interior derivatives:
Otw2α (1~x; 2~x) = −
Z 1
0
d (ln ) dα~xµ Oµ(1~x; 2~x) (A7)





X2µα − dα~xµ − ~xαdµ
}
Oµ(1~x; 2~x) (A8)
Otw4α (1~x; 2~x) = −
Z 1
0
d (ln ) ~xαdµ Oµ(1~x; 2~x) (A9)





1− nd[α[µβ]~xν] +X[αβ]X [µν]oM[µν](1~x; 2~x) (A10)












































M tw3α (1~x; 2~x) = −
Z 1
0
d ln  ~xαdµ Mµ(1~x; 2~x) : (A15)
Let us mention that the actual tensor and vector LC-operators satisfy conditions of tracelessness on the light-cone
which can be formulated by means of the interior derivative dµ [24]. For example, these conditions simply read
(see [25,2]):
dαOτ=2,3α (1~x; 2~x) = 0; d
αM τ=2[αβ] (1~x; 2~x) = 0; d
αM τ=2α (1~x; 2~x) = 0: (A16)
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Scalar operators on the light-cone are traceless by construction since they correspond to totally symmetrized tensors.
These relations may be proven very easily by using the above mentioned properties of inner derivatives. Also the
proof of the projection properties is straightforward but tedious.


















































~x[α ~@β]~x[µ ~@ν] − ~x[α[µβ]dν]
o
M[µν]n(~x) (A22)
M tw2α n+1(~x) = Mα n+1(~x)− 1(n+2)2 ~xαd
µMµ n+1(~x) (A23)




Now we point out some technical details. The local operators of denite twist are written in such a manner that their
relation to the various symmetry classes by which they are determined becomes more obvious (for details see [1,2]).
The twist{4 operator (A19) is built up by those parts of the operators (A17) and (A18) which are related to the Young
pattern (n − 1), i.e., being contained in the trace terms. The twist{3 operator (A21) consists of two independent
operators, namely a twist{3 operator corresponding to the traces of the Young pattern (n; 2) which obey the totally
symmetric pattern (n), and another operator which is constructed by means of the Young pattern (n; 1; 1). Both
terms have been separately written, cf. also Eqs. (A11) and (A12). The twist{4 operator (A22) contains the (n−1; 1)
part of the traces of the Young patterns (n; 2) and (n; 1; 1).
Let us discuss the conditions of tracelessness for the local light{cone operators in more detail. For the leading twist
operators these conditions are
dαOτ=2,3αn (~x) = 0; d
αM τ=2[αβ]n(~x) = 0; d
αM τ=2αn+1(~x) = 0: (A25)
Properly speaking, the higher twist parts of the vector operators Otw4α n+1(~x) and M
tw3
α n+1(~x) are d
µOµ n(~x) and
dµMµ n+1(~x), respectively. In fact, these operators are scalar operators being traceless on the light-cone. The case of
the higher twist tensor operators is more complicated. The condition of tracelessness for the twist-3 tensor operator
corresponding to the pattern (n; 1; 1), i.e. the rst term in (A21), reads
dαM τ=3[αβ]n(~x) = 0: (A26)




fM tw3β]n−1(~x); fM tw3β n−1(~x) = dβdµMµ n+1(~x); (A27)




fM tw4β]n−1(~x); fM tw4β n−1(~x) = n 1ndβ ~x[µ ~@ν] − [µβ dν]
o
M[µν]n(~x): (A28)
The conditions of tracelessness for these vector operators read
dβ fM tw3βn−1(~x) = 0; dβ fM tw4βn−1(~x) = 0: (A29)
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It is clear that after multiplication with ~xα and antisymmetrization with respect to  and  the trace terms of these
vector operators are chancelled.
Each series of local operators (A17) { (A24) may be re-expressed by one nonlocal operator by using formulas like
n=(n+ 1)2 = − R 10 d(ln )()n as easily can be seen in the case of twist{2 vector operators. The other fractions
are somewhat more involved; factors of n in the nominator are to be expressed by (~x~@).
The expressions for the twist{ operators in terms of internal derivatives is not unique because, by using formulas
like ~x[µdν] = (~x~@)~x[µ ~@ν] and performing partial {integrations, they may be reformulated. This has been done for the
nonlocal operators (A7) { (A15) at various places in order to obtain a form where their projection properties can be
proven most easily by using the commutation relations between the generators ~xµ; dµ; X and Xµν . Obviously, some
of these reformulations are true only in the case of the antisymmetric tensor operator whereas the corresponding local
expressions hold more generally.
Finally, let us mention that Cragie et al. [26] have used the interior derivative dµ for the construction of local
symmetric (traceless) light-cone operators which carry an elementary (irreducible) representation of the conformal
group SO(4; 2).
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